Inspired by a recent observation of the supersolidity for bosonic atoms in a laser-assisted superlattice potential [J. Li, et. al., Nature 543, 91 (2017)], we consider an attractive two-component degenerate Fermi gas in a bilayer structure with two atomic hyperfine ground states involved. We find that the synthetic spin-orbit coupling (SOC) induced by the laser-assisted interlayer tunneling has a dramatical effect both on the two-body and many-body physics for atomic fermions. A bound molecular state appears, and the molecular dispersion can contain two minima at finite momenta even for vanishing intra-and inter-layer detunings. This is responsible for the pairing instability of the underlying attractive Fermi gas. As a result, the ground state of the system is found to be a Fulde-Ferrell-Larkin-Ovchinikov (FFLO) superfluid with a spontaneous density-modulation of the order parameter. Due to the specific pairing mechanism in this system, the FFLO state is robust and appears in a wide parameter regime with the characteristic pairing momentum on the order of the SOC strength. The unique features of the two-body and many-body state can be observed in current experiments with ultracold atoms.
Since the prediction of the fermionic superfluidity with finite-momentum pairing [1, 2] , the Fulde-Ferrell-LarkinOvchinikov (FFLO) state has been studied for many decades in various systems ranging from the condensed matter physics to nuclear physics [3] [4] [5] . Among them, the ultracold atoms with a high tunability of the parameters represent a new and unique platform to investigate this exotic state. Despite numerous attemps to observe the FFLO state in various systems [6] [7] [8] , its existence remains elusive. A realization of the one-dimensional (1D) spin-orbit coupling (SOC) for ultracold atoms [9] [10] [11] [12] [13] [14] provides new insights to achieve the FFLO superfluidity [15] [16] [17] [18] [19] [20] [21] [22] [23] . Due to the absence of Galilean invariance in these systems, the bound dimers may carry finite center-ofmass (COM) momenta for nonvanishing Zeeman fields, and the system can exhibit the FFLO state at low temperature. However the Raman coupling inducing such a 1D SOC [9] [10] [11] [12] [13] involves the spin-flip transitions accompanied by heating, and a more sophisticated 2D SOC [24] invoked in many proposals [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] suffers even larger losses [32, 33] preventing from observing the FFLO states in current experiments.
Recently an effective one-dimensional (1D) SOC has been implemented for bosonic atoms using laser-assisted tunneling between the sites of a double well potential, the atomic states localized in each well representing the (quasi-)spin states [14, 35, 36] . The scheme does not require the Raman induced spin flip transitions, so the heating can be strongly suppressed. Using such a scheme supersolid properties associated with the Bose-Einstein condensation in two momentum states have been observed [35] . This sheds light on the realization of FFLO state for the fermions in such a system, since the FFLO state has supersolid properties [37] .
Here we demonstrate a possibility of formation of the FFLO state for a two-component Fermi gas with attractive interactions in a bilayer system. In that case the atomic states localized in different layers play a role of the quasi-spin states, and the laser assisted interlayer tunneling provides effectively the 1D SOC between the layer states without the lossy spin-flip transitions involved. An interplay between the effective interlayer spin-orbit coupling and the interaction between atoms in different internal states in the same layer gives rise to bound dimer states characterized by two minima at finite COM momenta. This is responsible for the pairing instability of the underlying attractive Fermi gas. In fact, the many-body ground state is found to be a FFLO superfluid, carrying finite momenta even for vanishing Zeeman fields. Since the atoms with opposite momenta are located mainly in different layers and the atomic attraction dominates in the same layer, the FFLO state is robust in a wide parameter range.
The Model. -We consider a two-component Fermi gas composed of atoms in two metastable internal (quasispin) states labeled by the index γ =↑, ↓. These could be for example two hyperfine atomic ground states. The atoms are confined in a state-independent double-well optical potential along the z-axis providing a bilayer structure [14] . An asymmetry of the double well potential prevents a direct atomic tunneling between the wells, and instead there is a laser-assisted interlayer tunneling. The second-quantized Hamiltonian for atoms in such a bilayer arXiv:1801.02639v1 [cond-mat.quant-gas] 8 Jan 2018 system reads in the momentum representation
with
where the upper and lower signs in Eq. (2) correspond to different atomic components γ =↑, ↓, and the atomic mass m and are set to the unity. Here alsoψ † kγj and ψ kγj are Fermi operators for creation and annihilation of an atom in the jth layer (j = 1, 2) with an internal state γ and a momentum k in the xy (layer) plane; h and δ denote the energy mismatch between the two layers and two components, respectively; J is a strength of the laser-assisted interlayer tunneling with 2κe x being an associated recoil momentum shift along the x-direction. The latter recoil is represented by the layer-dependent momentum shift (−1)
j+1 κe x in Eq. (2) . This provides a 1D (along the x-direction) SOC between the layer states, the SOC being the same for both atomic internal states.
In Eq.
(1) the atom-atom coupling is represented by the contact interaction between the atoms within individual layers and in different internal states γ =↑, ↓ [38] . This provides the singlet intralayer interaction. The bare contact interaction U should be renormalized as [39] in the Hamiltonian (1) , where E b is a binding energy of the two-body bound state in the absence of SOC, S is a two-dimensional (2D) quantization volume and k = k 2 /2 is a 2D free particle dispersion. For ultracold atoms E b can be tuned via the Feshbach resonance technique [40] .
Two-body Problem. -Let us first give some remarks on the single-particle problem. In this paper, we shall concentrate on the most interesting case of zero detuning between the layers and the components, h = δ = 0; the situation where h, δ = 0 will be discussed later. In the absence of the atom-atom interaction, both components have the same single particle spectra characterized by two
4 . The minimum of the lower branch ε k− gives the energy of the single-particle ground state. For J < J c the ground state energy has two minima with momenta k x = ± 4κ 4 −J 2 4κ 2 , where J c = 2κ 2 = 4E κ is the critical interlayer tunneling strength, E κ = κ 2 /2 being the recoil energy. The two minima merge to a single minimum at k x = 0 for J ≥ J c .
The attraction between atoms can lead to formation of the bound molecular states which are constructed as with
and Q ± = q/2 ± k. Here S † qk,jl is a singlet operator for creating a pair of atoms in the layers j and l with a COM momentum q and a relative momentum k, and φ kq,jl is the corresponding amplitude. For j = l the atoms are paired in the same layer, whereas for j = l the pairing takes place in different layers, the latter contribution emerging due to the laser-assisted tunneling. Since S † −kq,jl = S † kq,lj , we take φ −kq,jl = φ kq,lj in Eq. (3), in which the factor 1/2 is to avoid a double counting of the atomic states. The molecular state does not contain the triplet contributions, because the spin-independent laser assisted interlayer tunneling featured in the Hamiltonian (1) preserves the singlet state.
Substituting Eq.(3) into the stationary Schrödinger equation H|Φ q = E q |Φ q , one arrives at the following equation for the molecular energy E q (see SM for details).
where
For a vanishing recoil of the interlayer tunneling, κ = 0, one arrives at two bound-state branches with binding energies E
= E b − J , and the ground state always occurs at q = 0. On the other hand, for κ = 0, these two branches get mixed, and a finite COM momentum q = 0 may develop for the two-body ground state. By numerically solving Eq. (5) we find the energy of the two-body bound state E q as a function of the COM momentum q. Like the single-particle dispersion, the energy spectrum E q can contain two degenerate minima at q 0 = ±q min e x for certain values of J and E b , as shown in Fig. 1a . Such a unique property of the bilayer system is in a sharp contrast with the SOC for real spins, where the bound state always minimizes at q = 0 for zero interspin detuning (δ = 0) [22] . Moreover, at the single-particle critical point J c /E κ = 4, the molecular state is still formed at nonzero momentum (see the red dashed line in Fig. 1a ). This suggests that the atomic interaction plays an essential role to induce the pairing with finite COM momentum in the bilayer system. Figure 1b illustrates the evolution of the minimum momentum q min = |q 0 | with the tunneling strength J for the fixed atomic interaction energy E b . If J /E κ is smaller than the unity, one has q min ∼ 2κ. Subsequently q min decreases continuously with J , and eventually becomes zero when J exceeds the critical value. Furthermore, the critical tunneling is found to increase with the atomic interaction E b , suggesting that a stronger attraction between atoms would be more favorable for forming the finite-momentum molecular state.
To understand the underlying physics, in Fig. 1c we plot a typical density distribution n j = γ n jγ of the molecular state as a function of the COM momentum q. Here n jγ = k ψ † kγj ψ kγj q is a density of atoms in the jth layer and the internal state γ, with . . . q denoting an expectation value for the molecular state |Φ q . Notice that we have n j↑ = n j↓ and n 1 (q) = n 2 (−q). Due to the interlayer SOC, the molecules with negative (positive) COM momentum are mainly formed by the atoms in the first (second) layer, and only close to the zero momentum both layers have comparable contributions. To be specific, in Fig. 1d , we plot the population of the four singlet spin-layer states P jl = k |φ kq,jl | 2 and the corresesponding relative atomic populations n 1,2 in two layers as a function of the tunneling strength J for a ground molecular state forming at q 0 = −q min e x . For J /E κ < 1, the intralayer singlet pairing in the first layer is dominant (the blue line in Fig. 1d ). Since both spin components in the first layer have the same tunneling-induced momentum shift −κe x [in the layerdependent frame used in Eqs. (1)- (2)], the bound dimer located in the first layer tends to carry the momentum q 0 = −q min e x with q min ∼ 2κ. As the tunneling strength is increased, the atoms in two layers get mixed, and the interlayer singlet components become significant. Thus there is a considerable contribution from the atoms in the second layer with the opposite momentum shift κe x , giving rise to a decrease in the molecular COM momentum q min . For J /E κ 1, both layers have equal atomic populations with equal weight intralayer singlet components, the opposite momenta are compensated in each layer resulting in a zero momentum molecular state.
The FFLO superfluidity. -The two-body results obtained above would have dramatic effects when we consider a gas of fermions. As we will see in the following, the many-body ground state in this system is a superfluid with the density modulation, i.e. the FFLO state. Intuitively from the single-particle spectrum containing two minima due to the interlayer SOC, the atoms with opposite momenta are mainly situated at different layers for different components. On the other hand, the attractive interactions between different atomic internal states takes place in the same layer [38] . As a result, at the Fermi surface, the zero-momentum pairing between the two components would be largely suppressed and the ground state may carry a nonvanishing momentum.
To verify this assumption, we have numerically solved the Bogoliubov-de Gennes (BdG) equation of the system for finding the ground state.
To this end, we introduce the superfluid order parameters ∆ j (r) = −U ψ j,↓ (r)ψ j,↑ (r) for the layers j = 1, 2, with r = (x, y), and write down the BdG equation as H BdG (r)φ η = ε η φ η , with H BdG being a 8 × 8 matrix (see SM for the explicit form). Here
T is the Nambu basis and ε η is the corresponding energy of Bogoliubov quasiparticles labeled by an index η. In this basis, the order parameters ∆ j (r) for each layer become
where f (E) = 1/(e E/k B T + 1) is the Fermi-Dirac distribution function at a temperature T . In this paper, we mainly consider the zero temperature case. The atom number is given by N = drn(r), with
being the atomic density [41]. Self-consistently solving Eqs. (6) and (7) with the basis expansion method [42] , one can readily obtain the ground state configuration of the system. In Fig. 2 , we present the order parameter configuration at a moderate tunneling J /E κ = 2 for a fixed interaction strength E b /E κ = 1. Significantly, one can observe that the system is in a superfluid phase with the order parameter ∆ 1,2 exhibiting a density modulation in the real-space profile (left panel of Fig. 2 ). The density stripes are seen even clearer in the momentum distribution of ∆ 1,2 , where two peaks at opposite momenta q 1,2 ∼ ±1.9κe x (right panel of Fig. 2 ) can be identified. This suggests that the atomic pairing occurs at finite momenta, a key property of the FFLO state.
The unique features of the paring wave function ∆ 1,2 are consistent with the results of the two-body problem, which can be viewed qualitatively as a superposition of the bound molecular states at the double minima with opposite momenta. Furthermore for tunneling strength J smaller than the recoil energy E κ , the interlayer SOC induces a large imbalance of the momentum distribution between the two layers for both spin states (see Fig. 1c) . As a result, the amplitudes at two opposite pairing momenta become asymmetric, with one of the two pairing components being much larger than the other in each layer, as shown in the right panel of Fig. 2 . Such a pairing imbalance in two layers decreases with the strength of the tunneling which tends to mix the momentum states in different layers, giving rise to a more prominent density profile in the order parameter. Figure 3 illustrates the evolution of the order parameter |∆ 1,2 | and the pairing momentum |q 1,2 | as functions of the tunneling strength J . One can observe that with the increase of J , the COM momentum |q 1,2 | decreases gradually and eventually vanishes at a critical value of the tunneling strength. This defines a transition from the FFLO state to the normal superfluid with zero momentum. Across the transition, the chemical potential µ decreses continuously (see the inset in Fig. 3 ).
So far we have discussed the situation where h = δ = 0, so the populations of both spin and layer states are balanced. For a non-zero detuning between the spin energies (δ = 0), the spin populations become imbalanced with mismatched Fermi surfaces, leading to the FFLO states [1, 2] . However, the parameter region of the FFLO states is quite narrow in the absence of SOC [43] [44] [45] [46] . As the two-body molecular spectrum of the system is not affected by δ (see SM for detail), this would leave the main physics discussed above unchanged. For a non-zero interlayer detuning (h = 0), the degeneracy of the double minima in the single-particle and two-body bound state spectra are lifted, with an imbalanced layer population of atoms. As in our system h plays a role of the Zeeman field, it is more beneficial to achieve the FFLO state for h = 0, which has been also confirmed by the numerical simulations.
Finally, we discuss some experiment-related issues. The laser-assisted SOC in the bilayer system can be applied both for the Bose-and Fermi-atoms. In current experiments, the bilayer geometry can be implemented using the double-well superlattice potential, which would form a stack of weakly coupled bilayer systems increasing the signal-to-noise ratio. In the bilayer system the typical pairing momentum q of the FFLO state is on the order of κ for a moderate tunneling strength J . This gives rise to a periodicity π/|q| ∼ π/κ of the stripes, which can be readily detected by the optical Brag scattering [35] .
In conclusion, we have considered the two-component degenerate Fermi gas in the bilayer system, in which the atomic states localized in different layers play a role of the quasi-spin states. The laser assisted interlayer tunneling provides effectively the 1D SOC between the layer states, without involving lossy spin-flip transitions. Such a synthetic SOC plays a fundamental role for attractive Fermi gases. A bound molecular state is found, with a dispersion containing two minima at finite momenta. This leads to the pairing instability of the underlying attractive Fermi gas at finite momenta, and a robust FFLO superfluidity appears accompanied by a spontaneous density-modulation of the order parameter, with a characteristic pairing momentum being on the order of the SOC strength. The unique features of the FFLO state and the two-body bound state in this system can be observed for ultracold atoms with current experimental techniques. 
The ground state can then be found by solving the above BdG equation self-consistently with the basis expansion method [42] . In the numerical simulations, we have taken a large energy cutoff ε c = 6E rec to ensure the accuracy of the calculation, where E rec = 5 ω assures that the trap oscillation frequency ω is much smaller than the recoil frequency.
